Introduction Let b(G) be the largest irreducible character degree of the finite group G. If b(G) < p
2 for a prime p, then [1, Theorem A] states that |G : O p (G)| p < p 2 in case G is p-solvable. Our first result shows that the condition p-solvable is not necessary.
Theorem 1. Let b(G) be the largest irreducible character degree of a finite group G. If b(G) < p
2 for a prime p, then |G :
Recall that in paper [1] , the key step is to show that b(G) ≥ p 2 for a finite p-solvable group G in which |G : O p (G)| p = p 2 . Another generalization of the main theorem in [1] is the following result.
Theorem 2. Let b(G) be the largest irreducible character degree of a finite psolvable group G. If G/O p (G) possesses an abelian Sylow p-subgroup of order p m , then p m ≤ b(G).

Proofs of theorems
Let H and G/N be a subgroup and a quotient group of the group G, respectively. It is easy to see that both b(H) and b(G/N ) are less than or equal to b (G) . So, we can use induction on subgroups and quotient groups in our argument. Applying the classification theorem of finite simple groups, we now prove Theorem 2.
Proof of Theorem 2. By induction, we may assume that
we are done. It also implies that Φ(G), the Frattini subgroup of G is trivial. Case 1. Suppose that all minimal normal subgroups of G are abelian. Let F be the Fitting subgroup of G. Then F is a nontrivial p -subgroup; also, we see that F is abelian because Φ(G) = 1. We claim that C G (F ) = F . If this is not true, we may choose a chief factor A/F of G such that A ≤ C G (F ). Note that if A is solvable, then the Fitting subgroup of A is equal to F and hence C A (F ) ≤ F , a contradiction. It follows that A/F is nonsolvable. Since Φ(A) ≤ Φ(G) is trivial, A is split over F . Hence we may write A = Y F , where Y ∩F = 1 and A/F ∼ = Y . Since Y centralizes F , we conclude that A = Y × F . It is easy to see that Y G, and so is a nonsolvable minimal normal subgroup of G, which contradicts our assumption.
Let P be a Sylow p-subgroup of G. Since C G (F ) = F , we see that the abelian group P acts faithfully on the abelian p -group F . It is well known that there is Clearly, M is a p -group and p is an odd prime. 
and we are done. 
Now we begin to prove Theorem 1.
Lemma 3. If G is a nonabelian simple group, then Theorem 1 holds.
Proof. If G is either a simple group of Lie type or one of the sporadic simple groups, then by a well-known theorem of [5] , G has an irreducible character χ of p-defect zero. Hence the hypothesis of the theorem yields that |G| p ≤ p; we are done. Suppose that G is the alternating group A n for n ≥ 5. If Theorem 1 is not true, then |G| p ≥ p 2 , p is an odd prime and n ≥ 2p ≥ 6. Corresponding to the partition (n − 3, 1, 1, 1), we have the character χ (n−3,1,1,1) ∈ Irr(S n ) with degree χ (n−3,1,1,1) (1) = (n − 1)(n − 2)(n − 3)/6. Hence G has an irreducible constituent ψ of (χ (n−3,1,1,1) ) G . We see that
This implies that (2p − 1)(2p − 2)(2p − 3) < 12p 2 , and so p = 3. Then 3 2 > (n − 1)(n − 2)(n − 3)/12 forces that n ≤ 9. However, for 6 ≤ n ≤ 9, A n always has an irreducible character η with degree η(1) ≥ p 2 = 9, a contradiction. By the classification theorem of finite simple groups, the proof is complete.
Lemma 4. If Theorem 1 is not true, to work for a contradiction, we may assume G, satisfying the following conditions:
(
Proof. (1) By induction, we may assume that our theorem holds for any proper subgroup and proper quotient group. Hence we may assume that O p (G) = 1 and Proof of Theorem 1. Suppose that the theorem is not true. To work for a contradiction, we may assume that G satisfies all conditions of Lemma 4. By Theorem 2 and Lemma 3, we may also assume that G is neither simple nor p-solvable. (2) and (3) 
of Lemma 4, both
We see that P acts faithfully on M . Then by Theorem 2, there is ψ ∈ Irr(P M) with degree ψ(1) ≥ p 2 , clearly a contradiction. Hence, |C G (M )| p = p, and since [3] , we see that S is a cyclic group and the largest prime divisor of its order is at most 3, which is impossible. If G is a simple group of Lie type over a field GF (q) where q = r m is a power of prime r, then S = S 1 × S 2 , where S 1 , S 2 are the diagonal multiplier and the exceptional multiplier of L/M , respectively. Note that since S 1 is an r -group and S 2 is an r-group, it follows that either N ≤ S 1 or N ≤ S 2 .
Suppose that N ≤ S 2 . Note that |N | − 1 has an odd prime divisor p. Consulting the table of multipliers of simple groups of Lie type (see [3, p. 302]), we conclude that L/M is one of following groups: A 2 (4) with
In each of these cases, we see that N is an elementary abelian 2-group of order 4 and p = 3. Checking the degree of the Steinberg-character χ of L/M in each of these cases, we see that χ(1) ≥ 3 2 , a contradiction. Suppose that N ≤ S 1 . Note that |N | − 1 has an odd prime divisor p. Consulting the table on p. 302 of [3] , we see that L/M is either a simple group of type A l (q) with S 1 = Z (l+1, q−1) or a simple group of type 2 A l (q), l ≥ 2 with S = Z (l+1, q+1) . In each of these cases, we see that p ≤ |N | − 1 ≤ l and that L/M has the Steinbergcharacter χ with degree q l(l+1)/2 ≥ q p ≥ p 2 , a contradiction. Case 2. Suppose that G has no minimal normal p -subgroup. Let N be a minimal normal subgroup of G. By Lemma 3, N 
, we see that |N | p = p and so that N is a nonabelian simple group.
, a contradiction. So we may assume G = P N. Clearly, |G/N | = p is an odd prime. Let x ∈ G/N be an outer automorphism of N with order p. Applying [3, Theorem 4.239, Theorem 4.240] and the classification theorem of finite simple groups, we conclude that N is a simple group of Lie type over a field GF (q), where q = r m is a power of prime r. Also, we know that x is either a diagonal automorphism, or a field automorphism, or a graph automorphism.
Suppose that x is a field automorphism. It is well known that p, the order of x, must divide m. Let χ be the Steinberg-character of N . We see that χ(1) ≥ q = r m ≥ 2 p ≥ p 2 , a contradiction. Suppose that x is a graph automorphism. Consulting the table of automorphisms of the Chevalley groups in [2, p. xvi], and since p > 2, we see that N is the type D 4 (q) with p = 3. In this case, we see that the Steinberg-character χ of the simple group N has degree χ(1) ≥ q 12 > 3 2 , a contradiction. Suppose that x is a diagonal automorphism. Consulting the table in [2, p. xvi], we see that N is one of the following types: A l (q), l ≥ 2 with p|(l + 1, q − 1); 2 A l (q), l ≥ 2 with p|(l + 1, q + 1); E 6 (q) with p|(3, q − 1), 2 E 6 (q) with p|(3, q + 1). Arguing as in the last paragraph of case 1, we conclude that in each of the above cases the Steinberg-character χ of N has degree χ(1) ≥ p 2 , a contradiction.
